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Abstract

The flow behind two side-by-side circular cylinders is experimentally investigated based on laser-illuminated flow-visualization,

particle image velocimetry and hot-wire measurements. The flow is classified as three regimes: single street (the cylinder center-to-

center spacing T/d < 1.2), asymmetrical flow (1.2 < T/d < 2.0) and two coupled street (T/d > 2.0). Special attention is given to the

regime of 1.2 < T/d < 2.0, which is characterized by one narrow and one wide wake. It is found that the flow structure and its down-

stream evolution are closely linked to the phase relationship between the gap vortex in the wide wake and that in the narrow wake.

When the gap vortex in the wide wake leads in phase, the two opposite-signed vortices in the narrow wake are typically engaged in

pairing, which yields a relatively low-pressure region between them, thus drawing in the gap vortex along with fluid in the wide

wake. This vortex interaction may act to stabilize the gap flow deflection. When lagging behind in phase, the gap vortex in the wide

wake fails to merge with the vortices in the narrow wake. Interactions between vortices in the two wakes lead to the changeover of

the gap flow deflection from one side to another. It is further noted that, for L/d > 2.0, the flow structure change from the anti-phase

to in-phase mode starts with a phase shift between gap vortices. The dynamical role of gap bleeding between cylinders for L/d < 1.2

is also examined.

� 2004 Elsevier Inc. All rights reserved.
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1. Introduction

Flow around two side-by-side cylinders has received

considerable attention in the past (Bearman and Wad-

cock, 1973; Zdravkovich, 1977; Williamson, 1985; Kolář

et al., 1997; Sumner et al., 1999) because of its inherent

importance and practical significance in many branches

of engineering. This flow depends to a great extent on

the ratio T/d (T is the center-to-center cylinder spacing

and d is the cylinder diameter) among many other
parameters, e.g. initial conditions, pressure gradient

and Reynolds number.

For T/d > 2 two distinct vortex streets occur (Land-

weber, 1942). The two streets are coupled, with a definite
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phase relationship (Kim and Durbin, 1988); they are

characterized by a single frequency (Spivac, 1946). This
frequency was further found to be the same as the fre-

quency measured in the single cylinder wake. Using a

Schlieren optical method, Ishigai et al. (1972) observed

a remarkably symmetric vortex formation and shedding

for T/d = 2.5 and 3.0. Based on flow-visualization data

at the Reynolds number Re (�U1d/m, where m is the

kinematic viscosity) = 100–200, Williamson (1985) dem-

onstrated that the two streets may occur either in phase
or in anti-phase. In this paper, �antiphase� means vortex

shedding, symmetrical about the flow centerline, from

the two cylinders and �in-phase� refers to anti-symmetric

vortex shedding. The in-phase streets eventually merged

downstream to form a single street, while the in–anti-

phase streets remained distinct farther downstream. He

observed a predominant antiphase vortex shedding for

2 < T/d < 6. These studies have greatly improved our
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understanding of the flow behind two side-by-side

cylinders for relatively large T/d (>2). However, some

aspects of the flow have yet to be clarified. For example,

what triggers the transition of the two vortex streets

from the in–antiphase to the in-phase mode?

At an intermediate cylinder spacing, i.e. 1.2 < T/
d < 2.0, the interaction between the wakes associated

with the two cylinders is expected to intensify; the gap

flow between the cylinders is deflected, forming one nar-

row and one wide wake. It has been found that the vor-

tex frequency associated with the narrow wake

approximately triples that for the wide wake (Bearman

and Wadcock, 1973; Sumner et al., 1999). The deflected

gap flow may change over intermittently from one side
to another and is bi-stable. The bi-stability is nominally

independent of the Reynolds number (Kim and Durbin,

1988). Nevertheless, a number of important issues have

yet to be clarified of the asymmetric flow regime. Typi-

cally, physics behind the formation and stability of a

narrow and a wide wake is unclear. Furthermore, what

triggers the changeover of the gap flow deflection from

one side to another? Why does the dominant frequency
in the narrow wake triple that in the wide wake? How do

the vortices in both wakes evolve downstream?

At very small spacing, i.e. T/d < 1.2, no vortex is gen-

erated in the gap between the cylinders; vortices are

alternately shed from the free-stream side only of the

two cylinders, generating a single vortex street. Sumner

et al. (1999) noted that the alternate vortex shedding was

supplanted from time to time by the symmetric shed-
ding. They further pointed out that gap bleeding was

usually associated with higher momentum, acting to in-

crease the streamwise extent of the vortex formation re-

gion. However, the possible role gap bleeding plays in

vortex formation and downstream evolution has not

been thoroughly investigated.

The present work aims to address the issues raised

above based on flow visualization, particle image veloc-
imetry (PIV) and hot-wire measurements in order to

gain a better understanding of the vortex generation,

interaction and downstream evolution in the three differ-

ent flow regimes. Special attention is given to the asym-

metrical flow regime (T/d < 2.0), including the stability

of the deflected gap flow, its random changeover from

one side to another and vortex generation mechanisms.

The role gap bleeding plays in the vortex formation and
downstream development for very small spacing be-

tween the cylinders is examined in detail.
2. Experimental details

2.1. Laser-induced fluorescence (LIF) flow visualization

Experiments were carried out in a water tunnel. The

square working section (W · H · L = 0.15 m · 0.15 m ·
0.5 m) is made up of four 20 mm thick Perspex panels.

The maximum flow speed in the working section is

about 0.32 m/s. More details of the tunnel were given

in Zhou et al. (2001).

Two side-by-side acrylic circular tubes of an identical

diameter of d = 10 mm were horizontally mounted
0.20 m downstream of the exit plane of the tunnel con-

traction and placed symmetrically about the mid-plane

of the working section. They spanned the full width of

the tunnel, resulting in a blockage of 13.3%. Three trans-

verse spacing ratios were used, i.e., T/d = 3.00, 1.70 and

1.13, respectively, each being representative of different

proximity effects for two side-by-side circular cylinders

(Zdravkovich, 1985).
Dye (Rhodamine 6G 99%) was chosen to be the flow

marker, which had a faint red color and became metallic

green when excited by laser. For each cylinder, dye was

introduced through two injection pinholes of 0.5 mm in

diameter at the mid-span of the cylinder. The two pin-

holes were located at 90�, clockwise and anti-clockwise,

respectively, from the forward stagnation point. A thin

laser sheet, which was generated by laser beam sweep-
ing, provided illumination vertically at the mid-plane

of the working section. A Spectra-Physics Stabilite

2017 Argon Ion laser with a maximum power output

of 4 W was used to generate the laser beam. A digital

video camera recorder (Sony DCR-PC100E) was used

to record the dye-marked vortex street at a framing rate

of 25 fps. Since flow visualization was conducted at a

relatively small Re (�U1d/m = 120–1100, where U1
and m are the free-stream velocity and the kinematic vis-

cosity of fluid, respectively), the framing rate provided

sufficient resolution to investigate the vortex motion.

For example, for each time interval (1/25 s) between

consecutive frames, vortices were convected for about

0.21d at Re = 600 (flow-visualization data will be shown

mostly at this Re or lower), which was significantly

smaller than the vortex scales. The view window was
x/d � 0–8. The recording duration was typically 10 min.

2.2. Hot-wire measurements

Experiments were carried out in a closed circuit wind

tunnel with a 2.0 m long square cross-section of

0.6 m · 0.6 m. Two brass circular cylinders of 12.7 mm

diameter, corresponding to an aspect ratio of 47, were
installed side-by-side in the mid-plane and spanned the

full width of the working section. The cylinders were lo-

cated at 0.20 m downstream of the exit plane of the con-

traction, resulting in a maximum blockage of about

4.2%. The Reynolds number Re investigated was 5900.

It has been verified at this Re that the mean velocity

and turbulence intensities are reasonably uniform across

most of the wake for the present cylinder aspect ratio.
Therefore, no attempt was made to manipulate the

end conditions, although Williamson (1996) and Prasad
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and Williamson (1997b)�s investigations indicated that it

was possible to control oblique and parallel shedding at

Re up to 5000. Three transverse spacing ratios, identical

to those in flow-visualization investigations, were used.

The longitudinal turbulence intensity in the free-stream

was measured to be approximately 0.4%. Measurements

were carried out over 0 6 x/d 6 10 and y/d = 0 to ±5.0.

Two single hot-wires were placed symmetrically
about the flow centerline, y/d = 0 (Fig. 1). Hot-wires 1

and 2, moveable along both x and y directions, mea-

sured simultaneously the velocity fluctuations on both

sides of the flow centerline. The wires were operated at

an overheat ratio of 1.8 on constant temperature cir-

cuits. Signals from the wires were simultaneously offset,

amplified and then digitized using a 12 bit A/D board

and a personal computer at a sampling frequency of
6.0 kHz per channel. The duration of each record was

about 20 s.

2.3. PIV measurements

The wind tunnel and other experimental conditions

were the same as those used for the hot-wire measure-

ments. A Dantec PIV system, introduced in detail by
Xu et al. (2003), was used to obtain quantitative infor-

mation of the patterns of vorticity. The cylinder surface

and the tunnel working section wall hit by the laser sheet

were painted black to minimize reflection noises. The

flow was seeded by smoke, generated from Paraffin oil,

of a particle size around 1 lm in diameter. The digital

particle images from the PIV measurement were taken

using one CCD camera (HiSense type 13, 1280 ·
1024 pixels). Each image covered an area of

127.5 mm · 102 mm, i.e. x/d = �0.5d to 8d and y/

d = �3.4d to +3.4d, corresponding to an image magnifi-

cation of about 0.1 mm/pixel in both horizontal and ver-

tical directions. Both cylinders, included in the PIV

images, were masked using a built-in masking function

in the PIV system before particle velocities were calcu-
lated. In image processing, 32 · 32 rectangular interro-

gation areas with 25% overlap in the horizontal and

vertical directions, respectively, were used. The spatial

resolution for vorticity was thus estimated to be 32 pix-

els · (1–25%) · 0.1 mm/pixel = 2.4 mm (�0.19d). The

ensuing in-plane velocity vector field consisted of
53 · 42 vectors. The same number of spanwise vorticity

component, xz, were approximately derived based on

particle velocities.
3. Flow characteristics for large cylinder spacing

Fig. 2 shows the instantaneous vorticity contours
x�

z ¼ xzd=U1 derived from the PIV measurement of

the velocity field at T/d = 3.00. The contours display

two anti-phase vortex streets about the centerline (Fig.

2). The maximum x�
z associated with the inner vortex

separating from the cylinder side near y = 0 is about

2.3, appreciably smaller than that (2.9) associated with

the outer vortex generated from the free-stream side of

a cylinder, suggesting that the inner vortices could be
weaker than the outer vortices. The results are consis-

tent with previous reports. Kolář et al. (1997) conducted

ensemble-averaging of LDA data measured in the near-

wake of two side-by-side square cylinders (x/d < 10, T/

d = 3.0, where d is the height of square cylinders) and

noted a weak strength and fast decay in inner vortices.

They proposed that the interaction between the inner

vortices shed from different cylinders was mainly
responsible for the fast decay in inner vortices. The pres-

ent data further suggest that the inner vortices could be

shed with smaller circulation, confirming Zhou et al.

(2002)�s speculation.
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The two vortex streets are mostly anti-phased, irre-

spective of the laminar or turbulent flow regime, as pre-

viously reported by e.g. Ishigai et al. (1972), Bearman

and Wadcock (1973) and Williamson (1985). However,

the in-phase vortex shedding occurs from time to time

in the Re range investigated. The mode change from
anti-phase to in-phase or vice versa is not well under-

stood. Fig. 3 shows the sequential photographs

(Re = 450). The real time index is given by the first three

numbers on the upper left-hand corner in the photo-

graphs and the sequential order is indicated by the

fourth number. Initially, vortices were shed in anti-

phase (Plate 1). However, the two gap vortices, marked

by arrows in Plate 2, were formed with a small phase
deviation from the anti-phase vortex shedding. This is

not unexpected especially in the context of a turbulent

flow since a constant phase shift between the two gap

vortices is highly unlikely. The gap vortices are fairly

close to and thus interact with each other. Such interac-

tion appears encouraging the formation of staggered

vortices. As the vortices grow in size downstream, the

interaction is expected to intensify, resulting in an in-
creased phase deviation from the anti-phase mode

(Plates 3 and 4). Note that the downstream fluid dynam-

ics may have an upstream influence, which may have an

impact upon the initial evolution of the shear layer

instability (e.g. Rockwell, 1983; Ho and Huerre, 1984).
Fig. 3. Sequential photographs from laser-illuminated flow-visualization:

T/d = 3.00, Re = 450.
Michalke (1984) has further suggested that the initial

shear layer instability was controlled by downstream

vorticity dynamics. It seems therefore plausible that this

increased phase deviation (Plates 3 and 4) may feed back

upstream, causing following vortices to be shed in phase

from the two cylinders (Plates 4 and 5). Eventually, we
see the two vortex streets arranged spatially in the in-

phase mode (Plate 5). The two vortex streets in the in-

phase mode are however less stable and soon become

somewhat disorganized; the formation of the upper

gap vortex appears suppressed (Plates 6 and 7). The vor-

tex streets revert to the anti-phase mode within two

shedding periods (Plates 8 and 9). It may be concluded

that, while anti-phase vortex shedding is relatively sta-
ble, in-phase vortex shedding, which may be initiated

by a small phase deviation between the gap vortices, is

unstable.

Weaver and Abd-Rabbo (1984) and Granger et al.

(1993) observed a symmetric vortex shedding in a square

array of tubes in a cross-flow. Weaver and Abd-Rabbo

(1984) proposed that a symmetric-mode jet instability

mechanism might have caused or at least triggered this
phenomenon. Granger et al. (1993) suggested that the

inline cylinder motion caused a symmetric oscillation

of separation points at the surface of the moving cylin-

der and could be responsible for the symmetric vortex

shedding. In the present investigation, the inline cylinder
transition from the anti-phase to in-phase mode vortex shedding.
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motion is unlikely to be responsible for antiphase vortex

shedding since vortex-induced vibration of the cylinders

is negligibly small. Relatively stable anti-phase vortex

shedding is likely attributed to a possibly symmetric

pressure differentiation about the centerline. Zhou

et al. (2001)�s pressure measurement around the two cyl-
inders indicated that the pressure upstream of the gap

between the cylinders was higher than that close to the

free-stream because of flow retardation. They inferred

that there was a pressure differentiation on the two sides

of each cylinder in the cross-flow direction. The differen-

tiation may be symmetrical with respect to y/d = 0, as

supported by the numerical calculation of the pressure

field around two side-by-side cylinders at T/d = 3 and
4 (Meneghini and Saltara, 2001). Such a pressure distri-

bution is likely to suppress in-phase vortex shedding and

induce the anti-phase behavior.
Fig. 4. The instantaneous vorticity contours x�
z ¼ xzd=U1 obtained

from the PIV measurement. T/d = 1.70, Re = 5900. The contour

increment = 0.29.
4. Asymmetrical flow for intermediate cylinder spacing

In this section, we examine the flow in the asymmet-

rical regime (T/d = 1.2–2.0), focusing on following is-

sues: vortex generation mechanisms, why the gap flow

is stably deflected, what causes the changeover of the

gap flow from one side to the other and why the domi-
nant frequency in the narrow wake triples that in the

wide wake.
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Fig. 5. Downstream evolution of the power spectrum Eu of hot-wire

signals simultaneously measured at y/d = ± 2.0: (a) the wide wake; (b)

the narrow wake. T/d = 1.70. Re = 5900.
4.1. Different vortex generation mechanisms in the

narrow and wide wakes

Vortical structures in the narrow wake behave very

differently from those in the wide wake. For example,
the former and the latter are associated with high and

low vortex frequencies, respectively (Spivac, 1946; Ishi-

gai et al., 1972; Bearman and Wadcock, 1973; Kamem-

oto, 1976; Kiya et al., 1980; Kim and Durbin, 1988;

Sumner et al., 1999). Some researchers (Kim and

Durbin, 1988; Sumner et al., 1999) referred to the fre-

quencies as vortex-shedding frequencies. It is of

fundamental interest to understand thoroughly the gen-
eration mechanisms of the vortical structures.

Fig. 4 presents the typical x�
z -contours at T/d = 1.70

deduced from PIV measurements. The gap flow is de-

flected towards the lower cylinder, resulting in one nar-

row (lower) and one wide (upper) wake. The vortical

structures in the wide wake start to occur at about x/

d = 3. In contrast, those in the narrow wake are visible

at about x/d = 1.8. In addition, the maximum magnitude
of x�

z in the wide wake is initially 2.0, smaller than that

(2.2) in the narrow wake. Further downstream, how-

ever, this magnitude increases to 2.3 in the wide wake

but decreases considerably in the narrow wake. Evi-

dently, the vortical structures in the narrow wake be-
have very differently from those in the wide wake.

Beyond x/d = 6, the two streets appear merging into one.

Fig. 5a shows the downstream evolution of the power

spectrum Eu in the wide wake. The most dominant fre-
quency is f* � 0.1. Note that vortex rolling-up in the

wide wake occurs quite far away from the cylinder

(Fig. 6), apparently different from vortex shedding from

a cylinder. Furthermore, the peak at f* � 0.1 grows

downstream, up to about x/d � 10 (Fig. 5a). This is in

distinct contrast with the downstream evolution of the

peak at f* � 0.3 (Fig. 5b) in the narrow wake, which

reaches maximum at x/d = 1.5 and then is considerably
reduced at x/d = 5. By x/d = 10, there is no presence of

the peak at f* � 0.3. The observation from vorticity con-



Fig. 6. Sequential photographs from flow-visualization: the pairing opposite-signed vortices B and C in the narrow wake draw in the gap vortex A in

the wide wake. T/d = 1.70, Re = 450.
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tours and hot-wire spectra suggest a difference in the

generation mechanism between vortices in the narrow

and wide wake.

Zhou and Antonia (1994) compared the turbulent

near-wakes (x/d = 10) generated by a screen of 50%

solidity and solid bluff bodies including circular, square

and triangular cylinders. They noted a larger v2 than u2

in the solid body wakes, where u2 and v2 are the stream-

wise and lateral Reynolds normal stresses, respectively.
However, v2 was smaller than u2 in the screen wake,

resembling a self-preserving turbulent far-wake (Zhou

et al., 1998). The observation was linked to a difference

in the generation of vortices. While vortices behind a

solid body originated from vortex shedding, those in a

screen near-wake or the far-wake of a solid body were

ascribed to the shear layer instability. Interestingly, the
LDA measurements at x/d = 1.5 (not shown) indicated

that v2
�
was larger than u2

�
across the narrow wake
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but the other way around across the wide wake. It may

be inferred that the vortical structures in the wide wake
may originate from rolling-up far away, e.g. about 5d at

Re = 5900 (Fig. 4), from the cylinder under the effect of

the shear layer instability. Bloor (1964) related the sepa-

rating shear layer thickness d of a cylinder to Re by

d � 1=
ffiffiffiffiffiffi

Re
p

. Presumably, the shear layer thickness in

the wide wake is also inversely related to Re, implying

a rising dominant frequency f* for higher Re. This is in-

deed confirmed in Fig. 7. The proposition is further sup-
ported by the variation in the vortex strength, which

increases downstream (Figs. 4 and 5a) until the forma-

tion process is completed at x/d � 10. On the other

hand, those vortices in the narrow wake are generated

from vortex shedding from the cylinder. Accordingly,

their strength impairs as x/d increases (Figs. 4 and 5b).

4.2. Stability of gap flow deflection

The gap flow deflection and the formation of wide

and narrow wakes behind a row of bluff bodies for T/

d = 1.2–2.0 have been previously reported (Ishigai

et al., 1972; Williamson, 1985; Moretti, 1993). Ishigai

et al. (1972) and Moretti (1993) ascribed the gap flow

deflection to Coanda effect, that is, an air jet flowing

near the wall of the fuselage of an aircraft would deflect
so as to flow closer to the wall (Englar, 1975; Sobey,

2000). However, based on the observation of different

base pressures, Bearman and Wadcock (1973) inferred

a deflected gap flow behind two side-by-side flat plates

and thus argued that the gap flow deflection was not

caused by the boundary layer separation; instead, it

was a near-wake phenomenon. Their argument was fur-

ther supported by Williamson (1985)�s flow-visualization
data, which showed a deflected gap flow behind two

side-by-side flat plates. One may surmise that, since a

straight flow between abrupt two-dimensional bluff

bodies tends to be unstable, the initial deflection of the

gap flow may occur due to perturbations such as non-
symmetric vortex shedding from the two cylinders. A

number of factors may contribute to the stably deflected

gap flow.

Firstly, since the two cylinders are relatively close,

strong interactions between vortices in the narrow and

wide wake may naturally influence the behaviors of
the gap flow and contribute to its stable deflection.

Fig. 6 presents typical sequential photographs from

the LIF visualization (Re = 450). Two rows of vortices

in the narrow wake appear pushed by the wide wake

so that their lateral spacing is very small. Initially, longi-

tudinal spacing between two opposite-signed vortices B

and C in the narrow wake is large (Plates 1–3). However,

Plates 4 and 5 show diminishing spacing, both longitudi-
nally and laterally, between B and C. It is likely that the

gap vortex B travels faster than the outer vortex C, pos-

sibly carried by the gap flow jet of a higher mean veloc-

ity (Sumner et al., 1999). The two approaching counter-

rotating vortices could create a region between them,

where the upward lateral velocity is relatively large

and pressure being low. Meneghini and Saltara (2001)

conducted a numerical study of the flow behind two
side-by-side cylinders. At T/d = 1.5 (Re = 200), the two

counter-rotating vortices (their Fig. 15a) in the relatively

narrow (lower) wake appeared fairly close. The pressure

corresponding to the region between the two vortices

(their Fig. 14a) was low and hence drew in fluid from

the other wake (their Fig. 15a). The low-pressure region

is expected to produce two effects: (1) induce B and C to

further approach each other, forming a pair (Plates 5
and 6); (2) draw in the gap vortex as well as fluid in

the wide wake. The latter effect is evident from the

movement of the gap vortex A in the wide wake, which

appears approaching the region between the pairing vor-

tices B and C (Plates 3–6). As a matter of fact, A amal-

gamates with pairing B and C, eventually resulting in

one single structure (Plates 7–8). This observation was

found to be quite typical in the Re range presently inves-
tigated. It is therefore proposed that the low-pressure re-

gion resulting from the pairing vortices in the narrow

wake at least partially contributes to the stability of

one narrow and one wide wake.

Secondly, as the gap flow is associated with a rela-

tively high momentum, the base pressure behind the cyl-

inder, towards which the gap flow is deflected, should be

lower than that behind the other cylinder (Zhou et al.,
2001). As a result, the gap flow deflection tends to be

stabilized.

Thirdly, the vortices shed from the cylinder in the

narrow wake are generally characterized by a high fre-

quency and thus relatively weak strength. For example,

the maximum x�
z is 2.2 in the narrow wake (Fig. 4), sig-

nificantly smaller than that (2.9) at T/d = 3.0 (Fig. 2);

those generated in the wide wake are even weaker, about
2.0 (Fig. 4). Therefore, the fluctuation of the velocity or

pressure field could have a limited strength, generally
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not strong enough to force the gap flow to change over

from one side to another.

A combination of wide and narrow wakes has been

observed behind multiple cylinders of various geometri-

cal configurations, for example, a row of cylinders

(Moretti, 1993), three side-by-side cylinders of equal
(Kumada et al., 1984) and unequal cylinder spacing

(Zhang and Zhou, 2001), two staggered cylinders (Sum-

ner et al., 2000). Zhang and Zhou (2001)�s flow visuali-

zation clearly showed the amalgamation of the two

cross-stream vortices in the narrow wake with the gap

vortex in the wide wake. Sumner et al. (2000)�s data

(their Fig. 9) also indicated a similar interaction between

vortices, though they interpreted that the two gap vorti-
ces were pairing, and then enveloped by a vortex in the

narrow wake. Such interaction was further observed

numerically (Ng et al., 1997). It is speculated that the

amalgamation of the three vortices could occur in all

the flows composed of a number of narrow and wide

wakes.

4.3. Changeover of the gap flow

It is well known that for 1.2 < T/d < 2.0 the deflected

gap flow is bi-stable and intermittently changes over

from one side to another (Ishigai et al., 1972; Bearman

and Wadcock, 1973; Kim and Durbin, 1988). However,

physics behind the changeover is so far not well under-

stood. A close examination of the present flow-visualiza-

tion data unveils that the changeover is often associated
with a phase lag of the gap vortex in the wide wake be-

hind that in the narrow wake.

Fig. 8 presents sequential photographs of the change-

over process (Re = 230). Initially, the gap flow was de-

flected upwards (Plate 1). The gap vortices in the two

wakes appear in–antiphase, which is rather generic

based on present LIF data. The observation may also

be inferred from hot-wire signals u1 and u2 simulta-
neously measured at x/d = 1.5 and y/d = ±0.4. Fig. 9

presents the spectral phase angle Uu1u2 , along with the

u1- and u2-spectra, Eu1 and Eu2 . While Eu1 displays one

peak at f* � 0.1, representing the dominant frequency

in the wide wake, Eu2 shows one pronounced peak at

f* � 0.3, as well as one minor peak at f* � 0.1, exhibit-

ing the signature of the narrow wake. It may be inferred

that u1 and u2 are associated with the wide and narrow
wakes, respectively. Uu1u2 is calculated from the Fourier

transform of the correlation u1ðt þ sÞu2ðtÞ. A positive

Uu1u2 indicates that u1 leads u2, and a negative Uu1u2

means that u2 leads u1. Uu1u2 is near zero at f* � 0.1, thus

corroborating the observation from the LIF data that

the gap vortices in the two wakes tend to be in–anti-

phase. Furthermore, Uu1u2 at f* � 0.1 is positive, that

is, u1 leads u2 at this frequency, implying that the gap
vortex in the wide wake generally leads its counterpart

in the narrow wake. Let us refocus on Fig. 8. The gap
vortex A0 in the wide wake initially leads B0 in the nar-

row wake (Plate 1). A0 fails to amalgamate with pairing

B0 and C0 in the narrow wake (Plate 2), perhaps because

of an unfavorable phase shift between the two gap vor-

tices. As a matter of fact, A0 appears lagging behind B0,

deviating from the �usual� case (Fig. 6) as suggested by
Uu1u2 � 0 at f* � 0.1. Subsequently, A0 grows unusually

large in Plate 3 (cf. Fig. 6) but quickly �squashed� (Plate
4), probably due to the increased interaction with the

narrow wake. The collapse of A0 could momentarily

alleviate the interaction between the narrow and the

wide wake, allowing the narrow wake to swing towards

the wide wake (Plates 4–5). Meanwhile, the weak inter-

action also encourages the fast growth of the following
gap vortex A1 in the wide wake (Plates 5–6), which col-

lapses again (Plate 7). Similar cycles were repeated. In

each cycle, the gap vortex in the wide wake lags behind

that in the narrow wake and experiences a rapid growth

and then collapses. On the other hand, the gap vortex in

the narrow wake became larger and, after three cycles,

pushes over the gap flow to the other side (Plates 8),

resulting in an upper wide wake and a lower narrow
wake. In the whole changeover process, the gap vortex

in the wide wake had no chance to amalgamate with

the pairing vortices in the narrow wake, probably be-

cause of a phase lag behind that in the narrow wake.

The observation is consistent with the suggestion that

the amalgamation of the three vortices could be impor-

tant for maintaining the existing narrow and wide wakes

(Section 4.2).
In conclusion, the gap vortices in the two wakes tend

to be in anti-phase, but the one in the wide wake mostly

leads slightly that in the narrow wake and amalgamates

with the pairing vortices in the narrow wake. The

changeover of the gap flow deflection starts with a phase

lag of the gap vortex in the wide wake behind that in the

narrow wake. Once lagging behind (compared with anti-

phase), the gap vortex in the wide wake is prevented
from amalgamation with the pairing vortices in the nar-

row wake and is subsequently likely to grow fast but

quickly collapses. The collapse alleviates the interaction

between the two wakes, thus allowing the narrow wake

to be widened and eventually causing the changeover of

the gap flow deflection. The whole process typically

needs three to four vortex-shedding cycles in the narrow

wake. Speculatively, the �phase lag� results from interac-
tions between the two wakes. It is therefore not surpris-

ing to see the random changeover of gap flow deflection.

4.4. Dominant frequencies

The ratio of the dominant frequency in the narrow

wake to that in the wide wake is close to but less than

3 (Kim and Durbin, 1988). The physics behind does
not seem to be clear. To gain a better understanding

of multiple dominant frequencies, two hot-wires were



Fig. 8. Sequential photographs from laser-illuminated flow-visualization: the changeover of the gap deflection from one side to another. T/d = 1.70.

Re = 230.
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placed symmetrically with respect to y/d = 0 at x/d = 0 in
the two outer shear layers (close to the free-stream),

which were associated with the two cylinders, respec-

tively. Fig. 10 presents the power spectrum, Eu, of two

simultaneously obtained hot-wire signals, where �y=d is

the distance from the cylinder surface, given by y/

d � 1.35 for the upper cylinder and y/d + 1.35 for the

lower cylinder. Two peaks are identifiable at f* � 0.1

and 0.3, respectively, in each shear layer, though their
strengths are different from one shear layer to the other.
For example, the peak at f* � 0.3 is more pronounced

than that at f* � 0.1 in the shear layer associated with

the lower cylinder but weaker in the shear layer associ-

ated with the upper cylinder.

How to interpret the observed peaks? It is well known

that the shear layer separating from a cylinder becomes

unstable for Re > 1000 and small-scale structures or sec-

ondary vortices emerge (Wei and Smith, 1986; Prasad
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and Williamson, 1997a). The coalescence of the small-

scale secondary vortices will increase the scale and re-

duce the shear layer instability frequency to the Strouhal

frequency (Brown and Roshko, 1974; Winant and

Browand, 1974; Roshko, 1976; Ongoren and Rockwell,

1988). The secondary vortices are discernible at
Re = 450 and become evident in present flow visualiza-

tion for Re P 600. These vortices are seen coalescing

to form a larger vortex. Fig. 11 shows sequential photo-

graphs from flow visualization. Two small-scale vorti-

ces, A1 and A2, in Plate 1 are discernible in the narrow

wake and approach each other, forming a larger struc-

ture (Plates 2–4). Meanwhile, another small-scale vor-

tex, A3, occurs (Plates 2–4) and catches up with the
larger structure (Plates 5–6). They eventually coalesce

and roll up into a single vortex in the narrow wake

(Plates 7–8). The frequencies of the secondary vortices

and the vortices shed from the cylinder in the narrow

wake were estimated by means of counting consecutive

vortices (about 20 pairs) for a certain period. It is rather

difficult to count accurately the secondary vortices and

thus estimated normalized frequency scattered over
0.2–0.5. On the other hand the frequency estimate was

less scattered for the relatively large-scale vortices shed

from the cylinder, ranging from f* = 0.10–0.13

(Re = 600). Similar results were obtained for other Re.

The observation suggests that vortex shedding be

responsible for the peak at f* � 0.1 in the narrow wake.

In the wide wake, the vortex rolling-up frequency, esti-
mated by counting consecutive vortices on flow-visuali-

zation data, is about 0.11 at Re = 450, agreeable with

that shown in Eu (Fig. 5a).
The peak at f* � 0.3 may be connected to the vortex

interactions between the two wakes. As discussed in Sec-

tion 4.2, the two rows of vortices in the narrow wake ap-

pear squeezed by the wide wake so that their lateral

spacing is very small, thus forming a counter-rotating

vortex pair (Fig. 6). It is well known that the anti-paral-

lel vortex pair is prone to reconnection under the effect

of the so-called �Crow instability� (Crow, 1970; Berloff
and Roberts, 2001). Furthermore, the two oppositely

signed reconnecting vortices draw in the approaching

gap vortex in the wide wake. Note that the vortex-shed-

ding frequency in the narrow wake might be the same as

the vortex rolling-up frequency in the wide wake. Be-

cause of the small lateral spacing between the three vor-

tices, the hot-wire could measure a frequency tripling

that in the wide wake.
It is interesting to note that the frequencies of the

shear layer instability at x/d = 0 are the same as those

predominant in the vortex streets downstream. This is

not coincidental. Based on published data (Bloor,

1964; Maekawa and Mizuno, 1967; Okamoto et al.,



Fig. 11. Sequential photographs from laser-illuminated flow-visualization: the coalescence of the small-scale secondary vortices. T/d = 1.70.

Re = 600.
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1981; Wei and Smith, 1986; Kourta et al., 1987; Nor-
berg, 1987) and their own measurement, Prasad and

Williamson (1997a) obtained an empirical correlation

between Re and the frequency, fSL, of the shear layer

instability for a single cylinder in a cross-flow, that is,

fSL/fS = 0.0235 · Re0.67. This correlation would predict

f �
SL ¼ 0:789 for the present Re (=5900), significantly

higher than the measurement (Fig. 10). The deviation

is partly due to the fact that the empirical correlation
was validated for the range of Re = 350–3000, signifi-
cantly lower than 5900. Although strong interactions be-

tween shear layers associated with different cylinders

could contribute to the deviation, the upstream influence

from the downstream vorticity dynamics should not be

overlooked. This influence may have an impact upon

the initial evolution of the shear layer instability (Rock-

well, 1983; Ho and Huerre, 1984; Michalke, 1984). Ros-

hko (1954) proposed a universal Strouhal number
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Stu = fsdw/Uw. Here dw is the wake width and

Uw = U1(1 � Cpw)
1/2, where Cpw is the pressure coeffi-

cient in the wake. Stu is a constant, about 0.16 in a single

cylinder wake. The Strouhal number St was then written

as St ¼ Stu d
dw
ð1� CpwÞ1=2. Evidently, dw or the shear

layer thickness and St are inversely related. Presumably,
this relationship is also qualitatively valid in the wide

wake, implying that the vortical structure frequency

f* � 0.1 might be dictated by the shear layer thickness.

This frequency may feed back upstream and be proba-

bly responsible for the peak at f* � 0.1 in Eu (Fig. 5)

measured in the shear layers around the cylinders.

As proposed earlier, the peak at f* � 0.3 in the hot-

wire spectrum may be connected to the amalgamation
of three vortical structures. This frequency could feed

back upstream and excite the shear layer instability.

Note that once anti-parallel vortex pair starts reconnect-

ing, the circulation of each vortex decreases rapidly due

to the reorientation of vorticity (Leweke and William-

son, 1998). Accordingly, the three structures should be

weakened in strength, compared with that in the wide

wake, due to vorticity cancellation. This is indeed con-
firmed in Fig. 5b; the peak at f* � 0.3 in the narrow

wake is considerably reduced at x/d = 5. Consequently,

the peak in the spectrum Eu (Fig. 10) at f* � 0.1 is sig-

nificant in the shear layers associated with both cylin-

ders, whereas the peak at f* � 0.3 is not so evident in

the shear layer associated with the cylinder, which is rel-

atively far away and responsible for the generation of

the wide wake.
In conclusion, as being inferred previously in Section

4.1, the vortical structures in the wide wake may origi-

nate from rolling-up under the effect of the wake shear

layer instability. Its frequency is therefore dictated by

the shear layer thickness, say f* � 0.1 (e.g. Fig. 7). This

frequency could feed back upstream to excite the shear

layer instability and further induce vortex shedding in

the narrow wake at f �
s � 0:1. It is proposed that the

uncompleted amalgamation (Fig. 6) of two cross-stream

vortices in the narrow wake and the gap vortex in the
Fig. 12. Typical flow patterns at T/d =
wide wake could be responsible for the dominant

frequency 0.3 in the hot-wire spectrum in the narrow

wake (e.g. Fig. 5). It should be emphasized that this

proposition has yet to be verified in future

investigations.
5. Role of gap bleeding for small cylinder spacing

At T/d = 1.13, there is no vortex generated in the gap

between the two cylinders and vortices are generally

shed alternately from the free-stream sides of the cylin-

ders, thus generating a single vortex street (Fig. 12). This

was confirmed by the PIV measurement at Re = 5900
(not shown). The behavior of gap bleeding is quite dif-

ferent between the laminar and turbulent flows. Gap

bleeding appeared swerving almost around the cylinder

in the laminar case (Fig. 12a), but it is biased to a lesser

degree in the turbulent case (Fig. 12b), possibly due to

higher momentum or inertia. The higher momentum

of gap bleeding is also likely responsible for the pro-

longed vortex formation region (Sumner et al., 1999).
Gap bleeding may change its deflection from time to

time. This type of gap flow unsteadiness may lead to a

lower frequency in the near-wake of a normal plate

(e.g. Najjar and Balachandar, 1998). A test was pres-

ently conducted using hot-wires to estimate the time

interval for gap bleeding to change its deflection from

one side to the other. Six changes, as indicated by a

jump in the hot-wire signal level, were recorded at T/
d = 1.13 for Re = 5900 during 5 min, suggesting that

its frequency is of several orders lower than that of vor-

tex shedding. Naturally, such a low-frequency compo-

nent was not observed in the hot-wire spectrum based

on the data obtained at a sampling frequency of

6.0 kHz and the duration of 20 s (Section 2.2). Note that

only one changeover of the gap flow deflection was ob-

served in 5 min for T/d = 1.70. It is evident that the gap
flow deflection is less stable at T/d = 1.13 than at

T/d = 1.70.
1.13. (a) Re = 150; (b) Re = 750.
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Symmetric vortex shedding (Plate 1 in Fig. 13) occurs

occasionally, which is associated with unbiased gap

bleeding. This mode of the flow structure is unstable

and in general quickly reverts to the alternate vortex-

shedding mode, which corresponds to a deflected gap

bleeding. Due to the interaction between vortices, the
symmetric arrangement of vortices is less stable than

the anti-symmetric arrangement (Goldstein, 1965); even

in the symmetric vortex-shedding case, vortices down-

stream still exhibit an anti-symmetrical spatial arrange-

ment. Fig. 13 presents sequential photographs at

Re = 250 in order to gain a better understanding of

the relationship between gap bleeding and the near-

wake vortex pattern. Initially, the gap flow was not de-
flected and two vortices, as marked by arrows in Plate 1,

started to form on the free-stream sides of the two cylin-

ders, respectively, in a symmetrical manner. As they

move downstream, vortex rolling-up from the lower cyl-

inder appears traveling faster than not only its counter-

part from the upper cylinder but also the one shed

earlier from the same cylinder (Plates 2–3). As a result,

the two consecutive vortices of the same sign merged,
forming a larger structure (see Plates 4–5). On the other

hand, the symmetrically formed upper vortex fell be-
Fig. 13. Sequential photographs from laser-illuminated flow-visualization:

T/d = 1.13 (Re = 250).
hind. Meanwhile, two more vortices following started

to roll up symmetrically (Plates 4 and 5). The upper

one appears moving fast and merging with the one of

the same sign, shed earlier (Plates 6 and 7). Eventually,

an anti-symmetrical spatial arrangement occurs (Plates

7–9). Note that gap bleeding starts to deflect and anti-
symmetric vortex-shedding resumes.

Sumner et al. (1999) suggested that for T/d < 1.2 gap

bleeding was usually associated with higher momentum,

acting to increase the streamwise extent of the vortex

formation region. They noted that alternate vortex shed-

ding was supplanted from time to time by symmetric

shedding. The present flow-visualization data unveil that

alternate vortex shedding is associated with a biased gap
bleeding, while symmetric shedding corresponds to an

unbiased bleeding. The bleeding effect persists at least

up to x/d = 10, resulting in an asymmetrical vortex street

about the flow centerline and the asymmetrical cross-

stream distributions of mean velocity and Reynolds

stresses (not shown). This is in distinct contrast with

the wake of a single cylinder, where mean velocity and

Reynolds stresses are symmetrical or anti-symmetrical
about the centerline (Zhou and Antonia, 1993). Evi-

dently, the role the gap bleeding plays in the vortex for-
transition from the symmetric to anti-symmetric vortex shedding at
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mation cannot be neglected, which is probably the es-

sence of difference between a single bluff body and the

two cylinders of small spacing.
6. Concluding remarks

At large cylinder spacing, i.e. T/d = 3.00, predomi-

nantly anti-phase vortex shedding from the two cylin-

ders changes from time to time to in-phase vortex

shedding. The change starts with a slight phase devia-

tion from anti-phase vortex shedding from the two cyl-

inders. The subsequent interactions between the two

streets lead to the formation of in-phase vortex shedding
from the two cylinders and hence the in-phase mode

streets. However, in-phase vortex shedding is unstable

and soon returns to the anti-phase manner (Fig. 3).

As the two cylinders approach each other, interac-

tions between the two vortex streets are intensified,

resulting in a totally different flow structure. Fig. 14

summarizes typical flow patterns, sketched following

streak lines in the photographs of flow visualization at
T/d = 1.70. The bi-stability appears linked with interac-

tions among gap vortices A, B and C. A and B are in
general in anti-phase. Mostly, A leads B (Fig. 14a). In

this case, the two cross-stream vortices in the narrow

wake are typically engaged in pairing, and may generate

a relatively low-pressure region between them, thus

drawing in fluid as well as the gap vortex in the wide

wake. It is inferred that the amalgamation of the three
vortices could be, at least partly, responsible for the sta-

bility of the gap flow deflection, i.e., maintaining the

narrow and wide wake. Based on the streamwise evolu-

tion of the hot-wire signal spectrum (Fig. 5), the amal-

gamation completes probably before x/d = 10, which

implies the merging of the two wakes or a single vortex

street further downstream. The two rows of vortices in

the new street are likely to be different in many aspects
such as in size and vorticity strength because of different

formation processes involved. The assertion conforms to

the report by Zhou et al. (2002), who observed a single

asymmetrical vortex street (T/d = 1.5, Re = 5800) at x/

d = 10–40 based on phase-averaged velocity and temper-

ature fields.

The changeover of the gap flow deflection starts with

a phase lag of the gap vortex in the wide wake behind
that in the narrow wake. Once A lags behind B, the

phase difference between them is likely to increase as

they travel downstream. As a result, A fails to amalgam-

ate with the pairing vortices B and C in the narrow wake

(Fig. 14b). This could destabilize the gap flow deflection

and give rise to its changeover. Indeed, A tends to grow

in size but quickly collapses because of the increased

interaction with the narrow wake, thus alleviating
momentarily interactions between the two wakes and

allowing the narrow wake to expand laterally. The pro-

cess is likely to repeat for a few vortex-shedding cycles

and eventually the narrow wake pushes the gap flow

to the other side and completes the changeover.

Two dominant frequencies, i.e. f* � 0.1 and 0.3, are

detected in the outer shear layer associated with each

cylinder. The two frequencies were also identifiable in
the narrow wake, but the lower frequency 0.1 only was

detected in the wide wake. Flow-visualization data sug-

gest that vortex shedding occurs at f �
s � 0:1 in the nar-

row wake. The shedding frequency coincides with the

rolling-up frequency of the vortical structures in the

wide wake. Presumably, the vortex frequency in the wide

wake is dictated by the shear layer thickness. This fre-

quency could feed back upstream to excite the shear
layer instability and further induce vortex shedding in

the narrow wake. On the other hand, the amalgamation

of two cross-stream vortices in the narrow wake and the

gap vortex in the wide wake leads to reduced lateral

spacing between the structures. It is speculated that

the laterally approaching three structures could be

responsible for the dominant frequency 0.3 in the hot-

wire spectrum. The upstream influence of this frequency
could excite the shear layer instability, thus resulting in a

dominant frequency at f* � 0.3.
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At T/d = 1.13, there are no gap vortices generated

and vortices are shed only from the free-stream side of

the two cylinders, resulting in a single vortex street. This

flow is however different from that behind a single bluff

body. Gap bleeding between the cylinders plays a signif-

icant role in determining the flow pattern behind the cyl-
inders. Gap bleeding is mostly biased towards one

cylinder, which corresponds to alternate vortex shedding

from the free-stream side of the two cylinders. When the

bleeding is unbiased, symmetric vortex shedding occurs.
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